We study the dynamics of exciton-polaritons in a double-well configuration. The system consists of two weakly coupled Bose-Josephson junctions, each corresponding to a different circular polarization of the polaritons, forming a Josephson double dimer. We show that the Josephson oscillation between the wells is strongly coupled to the polarization rotation and that consequently Josephson excitation is periodically exchanged between the two polarizations. Linearized analysis agrees well with numerical simulations using typical experimental parameters.
Recent experiments on microcavity excitonpolaritons [1] have reported coherent oscillations and quantum self trapping characteristic of Bose Josephson Junctions, highlighting the quantum fluid behavior of these quasiparticles [2] . Double quantum well systems were realized using coupled micropillars [3, 4] or by exploiting natural well width fluctuations that lead to a weak confinement for polaritons [5] . Several theoretical investigations anticipated these effects, and pointed out the richness of the dynamics that can be observed in these inherently out-of-equilibrium systems [6] [7] [8] [9] [10] . One feature of microcavity polaritons is the presence of an intrinsic Josephson effect [9] , resulting from the coupling of left and right circularly polarized polaritons through an optical anisotropy term deriving from disorder or anisotropies in the microcavity structure [11] .
The simultaneous and coupled dynamics of left-right well and left-right polarization of polaritons naturally realizes a Josephson double dimer [12] [13] [14] [15] , which represents a minimal system to explore fundamental questions such as the emergence of thermodynamics in small quantum systems [12] . A polariton-based double dimer is particularly interesting because it allows for a fine control of the initial state preparation by a spatial and polarization shaping of the pulses, and it realizes a high temperature (compared to atoms), truly mesoscopic system. Moreover, ellipsometry measurements can provide a complete characterization of the polarization dynamics in the two wells.
Polaritons possess an inherent non-equilibrium nature due to their finite lifetime. We will show, however, that the radiative recombination of the polaritons does not affect the coherence of the two coupled oscillations, nor contribute to renormalization of the oscillation eigenfrequency. In addition, the internal spin structure of the polaritons is robust to spin decoherence processes since the non radiative dark exciton states corresponding to J z = ± 2 are spectrally separated from the polariton states with J z = ±1.
Signatures of polarization precession were observed in Ref. [3] . However, a comprehensive picture of the coupling between interwell Josephson oscillations and polariton polarization precession has not been obtained neither experimentally nor theoretically. In this work we apply the formalism of [12] [13] [14] and extend it to account for the finite polariton lifetime, to show that the intra-polarization Josephson oscillations (i.e. spatial oscillations of the same polarization species between the wells) and the inter-polarization Josephson oscillations (i.e. polarization-rotation within the wells) are in fact strongly coupled. Specifically, we study the case of strong intra-polarization coupling and weak inter-polarization coupling. Under such conditions, the two bosonic Josephson junctions corresponding to the two circular polarizations of the polaritons, exchange Josephson excitations ('josons') as well as particles [12] . Since the particle and joson oscillations are also coupled by the nonlinear frequency shifts, we find the natural frequencies of the collective particle-joson oscillation. The obtained frequencies agree well with numerical simulations using characteristic experimental parameters.
Bose-Hubbard model and pseudospin representation.-We model the polariton double-well system using the Bose-Hubbard tight-binding four-mode model of two weakly coupled dimers,
whereâ σ,α are the annihilation operators for quasiparticles with circular polarization σ = ± in well, α = {L, R}, Ω and ω are respectively the intra-polarization and interpolarization coupling frequencies, and U corresponds to the exciton-polariton interaction strength. We assume that Ω ≫ ω in agreement with current experimental conditions [3] . We map the Hamiltonian (1) into a spin problem [16] 
from these generators (in analogy to S = (u, v, w) for a two-level system), we obtain,
where we have eliminated a U N (N/4 − 1) c-number term which does not affect the dynamics. The finite lifetime of the polaritons τ is accounted for by solving the master equation for the N -polaritons density matrixρ,
with the Lindblad operator,
where γ = 1/τ . The dynamical equations for the S i operators thus read,
where c k ij are SU(4) structure constants. The reduced SU(2) representation for the two BoseHubbard dimers with circular polarization σ = ± are extracted from the SU(4) pseudospin asŜ + = (Ŝ 1 ,Ŝ 7 ,Ŝ 13 ) andŜ − = (Ŝ 3 , −Ŝ 9 , 1/3Ŝ 14 − 2/3Ŝ 15 ) whereas the corresponding particle number in each polarization isN +(−) =n 1(4) +n 2(3) . We thus obtain two Bloch/Poincaré vectors s σ = Ŝ σ /| Ŝ σ | where s σ,z corresponds to the normalized spatial population imbalance within the polarization σ, and s σ,x , s σ,y correspond respectively, to the real and imaginary parts of the pertinent spatial coherence.
Mechanical equivalent and Josephson oscillation modes.-The low energy spectrum for each of the two weakly-coupled Bose-Hubbard dimers with different polarizations, consists of harmonic-oscillator levels with Josephson frequency spacingΩ σ = Ω(Ω + 2U N σ ) [17] . The four-mode system in this linear regime, is thus equivalent to coupled non-rigid pendulums which can exchange their length, corresponding to the number of particles in each dimer N σ ≡ N σ , as well as their oscillation amplitude, corresponding to the excitation of each oscillator. The degree of this Josephson-excitation is quantified by the respective number of josons,
where E σ and E σ,g = −ΩN σ /2 denote respectively the energy and ground-state energy of dimer σ. While the total number of josons ν = ν + + ν − is not strictly conserved, conservation of energy implies it is an adiabatic invariant in the linear regime.
The Bogoliubov linearized collective-oscillation modes for the Hamiltonian (2) are illustrated in Fig 1a. In agreement with the coupled-pendulum analogy, they include: (i) An antisymmetric mode at the singlependulum frequencyΩ = Ω(Ω + U N ) where the spatial oscillations of the two polarizations are in-phase; (ii) A symmetric mode with spatial oscillations of opposite phase in the two polarizations, at frequencỹ Ω ′ = (Ω + ω)(Ω + ω + U N ); and (iii) Slow particleoscillations between the two polarizations, maintaining a fixed total population N , with frequencỹ
The beating of the two fast Bogoliubov modes at the difference frequency,
corresponds to the slow exchange of josons between the two polarizations (Fig. 1b) . As shown in Refs. [12] [13] [14] using a series of Holstein-Primakoff [18] and Bogoliubov transformations, this beat mode serves as an independent adiabatic oscillation mode whose frequency is modified as
by the effective attractive interaction between josons
The proper description of the exciton-polariton bosonic Josephson system is thus in terms of two BoseHubbard dimers of different polarizations which can exchange both particles and excitations. This is a far more intricate picture than the prevalent view of independent, non-coupled modes for spatial/extrinsic oscillations and polarization/intrinsic oscillations. Furthermore, the particle-oscillations (at frequencyω) and excitation-oscillations (at frequencyω ν ) are also coupled because the frequency of oscillation within each polarization depends on the number of polaritons in it. Using the mechanical analogy, the pendulum frequencies change as they exchange their length. The effective particle-joson coupling is U c = (U/2)(Ω/Ω) √ N ν. Consequently, the final oscillation modes involve both particle and joson exchange. Diagonalization of the effective Hamiltonian for coupled particle-and joson oscillators eventually yields the natural frequencies [12] [13] [14] ,
The two natural slow modes are shown in Fig. 1c . The slower oscillation at frequencyω 1 , constitutes predominantly energy-exchange (i.e. joson oscillations) accompanied by small population oscillations. The particle-and joson oscillations in this mode are of opposite phase, i.e. the joson imbalance ∆ν ≡ ν + − ν − is maximized when the particle imbalance ∆N ≡ N + − N − is at minimum. By contrast the faster mode at frequencyω 2 , has dominant particle oscillations accompanied by minor joson oscillations. In this case, particles and josons oscillate in-phase.
Effect of losses.-The loss mechanism described in Eq. (3) with the Lindbladian (4) and a polariton lifetime of 33 ps was shown to accurately describe the experimental observations for coupled micropillars [3] . Dephasing times for exciton-polariton systems are of order of hundreds of ps and are consequently neglected. Since the loss Lindbladian equally dampens populations and coherences, it does not produce any frequency shifts other than the change in the chemical potential incurred by the decay of N (t) and ν(t). The natural frequencies of Eq. (9) thus slowly vary in its presence as, with N (t) = N (0)e −t/τ and ν(t) = ν(0)e −t/τ . Numerical results.-In order to assess the experimental feasibility of observing composite particlejoson oscillations between the polarizations of an excitonpolariton condensate in a double-well potential, we carry out numerical simulations with characteristic experimental parameters. The tunnel coupling between the confined polaritonic ground states is taken to be Ω = 500µeV and the polarization splitting is ω = 50µeV. The interaction constant is U = 0.1µeV and the number of polaritons is N = 500. The characteristic interaction parameters are thus u Ω = 2U N/Ω = 0.2 and u ω = 2U N/ω = 2. The polariton lifetime is estimated as τ = 50 ps.
For the linear regime studied in this work, a classical mean-field solution in which the operatorsŜ are replaced by c-numbers S, provides an accurate description of the quantum system. We have verified this approximation by conducting full quantum numerical simulations at the same values of the interaction parameters u Ω,ω , obtain- ing excellent agreement for the duration of the simulation with particle number N ∼ 50. Since quantum fluctuations diminish as 1/N , the quantum-classical agreement would even improve for N = 500 (where quantum calculations are precluded due to computational limitations).
In Fig. 2 we plot the time evolution of the reduced Bloch vectors s ± with a preparation designed to excite theω 1 collective mode: Both the relative-phase between the two polarizations and the internal relative-phases of the two dimers are set to zero, with an initial population (particle) and energy (joson) imbalance of opposite signs. As expected, we observe an exchange of energy between the two polarizations, wherein the amplitude of the internal Josephson oscillations slowly alternates between the spheres at the expected frequencyω 1 . The resulting inter-polarization population-and energy-oscillations are shown in Fig. 3 with the π phase-difference between them and the larger joson oscillation amplitude expected for this composite natural mode.
We compare the joson-particle oscillations observed here with Fig. 2 of Ref. [9] . While the results may superficially appear similar, the spatial beating in [9] emerges simply from two uncoupled (ω = 0) polarization dimers oscillating independently at different frequencies due to the different shifts caused by their unequal fixed population. Such dynamics involves neither particle exchange nor energy exchange between the polarizations. Detecting one polarization, an experimentalist would simply observe standard two-mode oscillations. By contrast, here we have true four-mode dynamics with both population and energy flowing back an forth from one polarization to the other. Moreover, this flow is non-trivial with the more populated polarization carrying less excitation for theω 1 oscillation mode depicted in Fig. 2 and Fig. 3 but with opposite behavior for theω 2 mode. where s max ±,z is the maximum value of s±,z within the fixed ∆N, ∆ν subspace; (bottom) Dynamics of particle-and josonimbalance. Parameters are the same as in Fig. 2 . Symbols are numerical mean-field results whereas lines depict the pertinent combination of slow natural mode oscillations atω1,2, with the weights from the middle panel.
In Fig. 4 we compare the mean-field evolution of various preparations which have the same initial interpolarization population-and energy-difference. While the preparation in which all four mode amplitudes have the same phase excites purely theω 1 oscillation, other preparations excite also theω 2 mode. The degree of this modemixing is determined purely by the internal population imbalance within the polarizations s ±,z . Good agreement is obtained with the adiabatic natural mode analysis [12] [13] [14] which we have modified to include losses.
Conclusion.-The dynamics of exciton-polariton Josephson junctions is more complex than that of independent intrapolarization and interpolarization Josephson oscillators. Indeed the natural slow modes for interpolarization oscillations involve both particle oscillation and energy oscillation through the exchange of intrapolarization Josephson excitation. Furthermore, these slow modes are coupled, resulting in natural frequencies which involve both particle and excitation exchange. Numerical simulations with typical parameters, including radiativerecombination losses, indicate that such behavior can be observed within current experimental measurement times.
